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Abstract. A formula is given for the variation of the Hawking energy along any one- 
parameter foliation of compact spatial 2-surfaces. A surface for which one null expansion 
is positive and the other negative has a preferred orientation, with a spatial or null normal 
direction being called outgoing or ingoing as the area increases or decreases respectively. 
A natural way to propagate such a surface through a hypersurface is to choose the foli- 
ation such that the null expansions are constant over each surface. For such uniformly 
expanding foliations, the Hawking energy is non- decreasing in any outgoing direction, and 
non-increasing in any ingoing direction, assuming the dominant energy condition. It fol- 
lows that the Hawking energy is non-negative if the foliation is bounded at the inward 
end by either a point or a marginal surface, and in the latter case satisfies the Penrose- 
Gibbons isoperimetric inequality. The Bondi-Sachs energy may be expressed as a limit 
of the Hawking energy at conformal infinity, and the energy- variation formula reduces at 
conformal infinity to the Bondi-Sachs energy-loss formula. 
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I. Introduction 

One of the classic successes in General Relativity was the realisation that the total energy 
of an asymptotically flat space-time could be measured at conformal infinity, and that this 
Bondi-Sachs energy is non-decreasing to the future [1-2]. The energy loss is interpreted 
as being due to gravitational radiation escaping to infinity, so that one may conclude that 
gravitational radiation carries positive energy. However, this is restricted to the idealised 
context of an asymptotically flat space-time, with the energy being measured at infinity. 
So it is of interest to localise the definition of energy and the corresponding energy loss. 

It is widely accepted that General Relativity does not admit a purely local gravita- 
tional energy, defined in terms of the geometry in a neighbourhood of a point. Instead, 
Penrose has suggested the possibility of a quasi-local gravitational energy, referring to a 
compact (usually spherical) spatial 2-surface [3] . This is motivated by the character of the 
Bondi-Sachs energy, which is defined on spherical spatial 2-surfaces at conformal infinity. 
Such a quasi-local energy should reduce to the Bondi-Sachs energy at conformal infinity, 
and should have a monotonicity property which generalises the Bondi-Sachs energy loss. 
Physically, one would expect gravitational radiation to be meaningful and to carry positive 
energy at least in a 'wave zone' neighbouring conformal infinity, and hopefully in a much 
wider regime. 

This article establishes a monotonicity property of the Hawking energy [4] for a generic 
class of surfaces. A positivity property follows directly, establishing the Penrose-Gibbons 
isoperimetric inequality for the Hawking energy. The Bondi-Sachs energy may be written 
as a limit of the Hawking energy, and the energy-loss formula for the Hawking energy 
reduces at conformal infinity to the Bondi-Sachs energy-loss formula. This also provides a 
particularly straightforward derivation of the Bondi-Sachs energy loss. 

The type of surface to be considered is introduced in Section II. The energy-variation 
formula is derived in Section III, where the monotonicity and positivity theorems are 
given. The formula is re-derived in Section IV in terms of spin coefficients, which enables 
the limit at conformal infinity to be taken in Section V using the standard spin-coefficient 
description. An alternative way of deriving the Bondi-Sachs energy loss from the Hawking 
energy loss is described in Section VI. Some questions of interpretation are discussed in 
the Conclusion. 

II. Mean convex surfaces 

Quasi-local energy is associated with compact spatial 2-surfaces embedded in space-time, 
and its variation with foliations of such surfaces. Since a spatial 2-surface has two preferred 
normal directions, the null directions, it is natural to describe the geometry in terms of two 
intersecting foliations of null 3-surfaces. This double-null formalism has been described in 
detail previously [5-6] , and is summarised as follows. 

Denoting the space-time metric by g, and labelling the null 3-surfaces by £±, one 
has: the evolution vectors u± = d/d£±, the normal 1-forms n± = — d£±, which are null, 
g~ 1 (n±,n±) = 0; the normalisation e-^ = — g~ 1 (n +1 n_), 2-metric h = g + 2e~^n + ® n_ 
and shift 2-vectors r± = _L(it±), where _L indicates projection by h; the Ricci scalar 71, 
covariant derivative V and Hodge operator * of h; and the expansions 9± = *£±*1, shears 
a± = -L(£±h)—6±h : inaffinities u± = C±f and twist uj = |e-^/i([Z_, /+]), where C± denotes 
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the Lie derivative along the null normal vectors l± = u± — r+. The space-time is assumed 
time-orientable, and l± are assumed future-pointing. Additionally, with respect to the 
spatial 2-metric h, introduce the scalar product of 1-forms, a ■ (3 = /i _1 (a,/3), the norm of 
1-forms, \a\ = a ■ a, and the norm of bilinear forms, \\o~\\ . 

A monotonicity statement requires the surface to have a preferred orientation. That 
is, if one wishes to say that some quantity is increasing outwards, one needs to distinguish 
between ingoing and outgoing directions. There is no such preferred orientation for arbi- 
trary orientable surfaces, so that some restriction on the class of surfaces is required. For 
instance, one would expect the area to increase outwards and decrease inwards. Applying 
this locally to the area form *1, one wants the outgoing expansion to be positive, and the 
ingoing expansion to be negative. 

Definition. A mean convex surface] is a compact orientable spatial 2-surface S on which 
9+9 -\ s < 0. Taking 9+\ s > henceforth, 1+ is called the outgoing null normal vector, 
and /_ the ingoing null normal vector. Similarly, any spatial vector z normal to S is called 
outgoing if g(z, 1+) > 0, or equivalently g(z, /_) < 0, and is called ingoing if g(z, /_) > 0, 
or equivalently g(z, 1+) < 0. 

Mean convex surfaces are generic in the sense that the set of mean convex surfaces 
is open in the space of embedded spatial 2-surfaces. This space is given by (the sum over 
compact orientable topologies of S of) the fibre bundle over S with sections (h, 9+, cr±, uj), 
modulo diffeomorphisms of S and rescalings of the null normals, l± h- > e x± l+. A point in 
this space with 9+9 -\ s < is surrounded by a neighbourhood with the same property. 
Similarly, any surface sufficiently close to a mean convex surface in the space-time is also 
mean convex. Also, any point in any space-time is surrounded by neighbouring mean 
convex surfaces, since space-time looks sufficiently flat for sufficiently small surfaces. 

It should be remarked that while the signs of 9+ are invariantly defined, their actual 
values are not, since 9+ h- > e x± 9+ under the above rescaling. This freedom can therefore be 
used to normalise 9+\ s to constants on a mean convex surface S, as will be done shortly. 

Mean convex surfaces are in some sense an opposite of trapped surfaces [8] , for which 
9+9-\ s > 0- For instance, in spherical symmetry the expansions are constant over a sphere, 
and so any metric sphere is either trapped, marginal or mean convex. More generally, in 
an asymptotically flat space-time, any surface sufficiently close to conformal infinity I is 
mean convex, because r 2 9+9-\j < for any cut of X, where r asymptotes to the area 
radius. More generally still, any surface outside and sufficiently close to a compact outer 
marginal surface is also mean convex [6] , so that such surfaces can always be found near a 
black or white hole. So it seems likely that mean convex surfaces can be used to foliate a 
wide class of space-times outside their trapped regions. 

f The name comes from the theory of surfaces in Euclidean 3-space, where there is a 
single expansion 9 and shear a, with principal curvatures k+ = 9 ± \\a\\/y/2, Gaussian 
curvature k+K- = 9 2 — \ \ \a\ | 2 = \TZ and mean curvature \{k+ + k~) = 9. A convex 
surface S is usually defined by 1Z\ S > 0, so that both principal curvatures are positive, 
fixing an orientation. Requiring only that the mean curvature be positive leads to the 
definition of mean convex surface S, 9 2 \ s > 0. Clearly mean convexity implies convexity 
in this context. Mean convex surfaces have also been described as well oriented [7]. 
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Consider a particular spatial or null hypersurface containing a mean convex surface. 
There are many ways to propagate the surface through the hypersurface, giving different 
foliations. Some of these will not propagate the convexity of the surface. For instance, a 
metric sphere in flat space-time can be propagated inwards to give a non-convex surface 
of larger area. The freedom to propagate the surface is given by rescalings of the null 
normals, and as explained above, there is a natural way to fix this freedom for a mean 
convex surface S, which is to choose the magnitude of the null normals so that 0+\ s 
and 0-\s are constants. One could also fix the constants, but this is irrelevant to the 
applications. Noting that e^6>_|_6>_ is invariant under such rescalings, this procedure fixes 
f\ s up to an additive constant. 

Definition. A foliation of spatial 2-surfaces {S} is described as uniformly expanding if 
T>6 + \ s = T>6-\ s = 0, where the double- null foliation is adapted to the 2-surfaces. The 
foliation is described as a uniformly expanding variation of a given S. 

It should be emphasised that this does not restrict mean convex surfaces further, 
since any mean convex surface admits a uniformly expanding variation in any chosen di- 
rection. Rather, this selects a preferred propagation of the surface in the chosen direction. 
Uniformly expanding foliations have various nice properties. If such a foliation crosses a 
trapping horizon [6], it necessarily does so across a marginal surface. So this provides a 
natural way to develop the space-time from a trapping horizon, and allows the methods 
used below to be extended to marginal surfaces. A uniformly expanding foliation can also 
be developed from a regular centre. In an asymptotically flat space-time, uniformly ex- 
panding foliations can be used to develop from X. In a rough sense, varying a mean convex 
surface by uniform expansion tends to smooth out inhomogeneities in the surface, at least 
in something close to flat space-time. These properties suggest the following conjecture, 
whose relevance for the cosmic censorship hypothesis is discussed in the Conclusion. 

Convexity conjecture. If a spatial hypersurface extends to J or i°, does not cross a trapped 
surface, and is either S 2 x R with a marginal surface as inner boundary, or i? 3 , then the 
hypersurface is coverable by a uniformly expanding foliation of mean convex surfaces. 

III. Variation of the Hawking energy 

The Hawking energy E of a compact orientable spatial 2-surface S is defined by [4] : 



The Hawking energy is an essentially quasi-local quantity, in that it cannot be expressed 
as the integral of a local energy density, due to the overall factor involving the area. 

The variation along a foliation is given by the Lie derivative C z along a vector z 
tangent to the hypersurface and normal to the surfaces. Since z is a linear combination of 





with units G = 1, where the area is 




(2) 
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the null normals, z = (3l + — ct/_, and C Z E = (3C + E — aC-E, it suffices to calculate C±E. 
Using the Gauss-Bonnet theorem 

I *ft = 87r(l-7) (3) 
Js 

where 7 is the genus or number of handles of S, one has 

c± [ *n = o (4) 



s 



since there always exists a neighbourhood in which the topology does not change. Also, 



= / *6±. (5) 
Js 



C±A 

JS 

Of course, C+A > and C-A < for a mean convex surface. Varying the other terms in 
E requires certain of the Einstein equations, namely the focussing equations [6]: 

C±9± + v±9± + \6 2 ± + \ ||a±|| 2 = -87r^> ± (6a) 
C±e^ +9+9- +e~ f (\K- \ \Vf±u\ 2 +V- (iD/±u)) = 8yrp (66) 

where (f>± = T(l±, l±) and p = T(/ + , /_) in terms of the energy tensor T. The conditions 

<j>± > (7a) 
P > (76) 



follow from the dominant energy condition [9]. A straightforward calculation yields 

jxf * d ±f * (K + e f 6+6-) -J *e f 9 T (± ||o-±|| 2 + 8tt0 ± ) 



-J *0± (lK+le f e+e_- \ ±Vf±iv\ 2 + V-(±Vf±iv)-8ive f p^ 



■ (8) 



Monotonicity theorem I. (i) For a uniformly expanding variation of a surface S, the Hawking 
energy varies according to 

8ir£±E= \[^ J s * [0± (\^Vf±u\ 2 + 8ire f p)-e f 8 T (± ||o-±|| 2 + 8tt0 ± )] . (9) 

(ii) For a mean convex surface S, the dominant energy condition implies that E is non- 
decreasing in the outgoing null direction, £ + E > 0, is non-increasing in the ingoing null 
direction, C-E < 0, and so is non-decreasing in any outgoing spatial direction z, C Z E > 0, 
and non-increasing in any ingoing spatial direction. 
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Proof, (i) Set 9±\ s to constants in (8), and use the Gauss divergence theorem, f s *V-a = 0. 
(ii) Use the signs 9 + \ s > 0, 6_\ s < 0, 4>± > and p > (7). 

The result uses a cancellation that occurs for uniformly expanding variations, and does 
not generalise to arbitrary variations. The second bracketed term in (9) corresponds to the 
integrand occurring in the Bondi-Sachs energy-loss formula, as will be shown subsequently, 
while the first bracketed term disappears in the limit. Note that the variation of the 
Hawking energy is essentially quasi-local, in that it cannot be expressed as the integral of 
a local energy flux, due to the overall factor involving the area. 

Positivity theorem. For a uniformly expanding foliation of mean convex surfaces bounded 
at the inward end by either a marginal surface with area Aq, or a point, A = 0, the 
Hawking energy of each surface is bounded below by 

E > y^A^/167i > (10) 

assuming the dominant energy condition. 

Proof. Recall that a marginal surface is defined by 0+\ s or 9-\ s vanishing. A marginal 
surface which bounds the inward end of a foliation of mean convex surfaces is necessarily of 
the outer type [6], and being compact, is necessarily spherical [6], 7 = 0. Thus its Hawking 
energy is E = ^ A /16n : using the Gauss-Bonnet theorem (3). Correspondingly, E = 
for a point, since E — > as a surface is shrunk to a point [10]. Then the monotonicity 
theorem shows that E > Eq along the foliation. 

Moreover, one could write E explicitly as E Q plus an integral, using (9) . Note also that 
the Hawking energy is manifestly positive for a trapped surface S, for which 9 + 9-\ s > 
and 7 = 0. Thus the theorem provides a positivity property of the Hawking energy in a 
neighbourhood of either a point or a black or white hole, defined in the sense of an outer 
trapping horizon [6]. Of course, the neighbourhood may not cover the whole space-time, 
since the foliation may break down somewhere. The convexity conjecture would imply 
that such a breakdown can be avoided in an asymptotically flat space-time. 

The inequality (10) is the Penrose- Gibbons isoperimetric inequality [11-12] for the 
Hawking energy. It is conjectured to hold for the Arnowitt-Deser-Misner energy [11-12] 
and the Bondi-Sachs energy [13]. Again, this would follow from the convexity conjecture, 
as discussed in the Conclusion. 

IV. Spin-coefficient form 

The theory of conformal infinity was initially constructed using coordinate methods [1-2] , 
but has been developed mainly using spin-coefficients. In order to make a comparison 
with such a description, the foregoing results must be translated into spin-coefficients. 
The notation of Penrose & Rindler [9] is adopted; equation numbers in triples indicate 
this reference. Some minor generalisations are needed, since the normalisation x (2.5.46) 
cannot be set to 1 in this context. The complex curvature may be defined by 

k = go' - pp - * 2 + $11 + n (11) 
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as in (4.14.20). Take a spin-basis adapted to a given spatial 2-surface S, and propagate it 
away from S such that the null normals are hypersurface-orthogonal, 

= K = K ' = p-p = p'-p' (12) 

as in (7.1.58). The full set of 'gauge conditions' corresponding to a double-null foliation is 
given in [14], but is unnecessary for what follows. Then the Hawking energy (1) takes the 
form 

A 1 ' 2 f K + pp' 



E =TT^J2 / (13) 

with the area A (2) as before. Derivatives normal to S may be expressed in terms of the 
weighted operators P and P , (4.12.15). Then {K + K)/xx is the Gaussian curvature of 
S, cf. (4.14.21), and one has the Gauss-Bonnet theorem and its imaginary analogue, 



K + K 

* = — =47r(l-7) (14a) 

XX 

K-K 



*- 



S XX 



= (146) 



cf. (4.14.42-43). Thus 



Is XX 

Also, since P*l = — *2p and P'*l = —*2p' one has 



p I *— = (15a) 

s XX 

*— = 0. (156) 



Js 



PA = -2 \ *p (16a) 
Js 

P'A = -2 [ *p'. (166) 



The focussing equations (6) correspond to 

Pp = p 2 + aa + $oo (17a) 

pp> = dr' + 2pp' - t't +K-&U-3II (176) 

p'p = d'r + 2pp' - rf + K - $ n - 3n (17c) 

P'p' = p' 2 + a'a' + $ 22 (17d) 

using the field equations (4.12.32) and the definition of K (11). The dominant energy 
condition (5.2.9) implies 

$oo > (18a) 

$n+3n>0 (186) 

$22 > 0. (18c) 



Recall also (4.12.23), 

(P,P',d,d')x = 0. 
Then the variation (8) of the Hawking energy corresponds to 



(19) 



PE 



A 1 / 2 
(4tt) 3 / 5 



*p- 



K + pp' - rf + d'r - $n - 3n 



+ / *P 



XX 

, a a + $oo _ 1_ 

XX A 



tp 



K + pp' 

XX 



(20a) 



P'E = 



A 1 / 2 



*p 



,K + pp'- r'f' + dr' - $n - 311 



XX 



+ / *p- 



a'a' + $ 



22 



XX 



K + pp' 

XX 



(206) 



The definition of mean convex surface S is equivalent to pp'\g < 0, and one may fix 
p\ s < 0, so that P and P' differentiate in the outgoing and ingoing directions respectively. 
For a uniformly expanding foliation, p\ s and p'\ s are constant. An equivalent statement 
of the monotonicity theorem is as follows, with the positivity theorem being exactly as 
before. 

Monotonicity theorem II. (i) For a uniformly expanding variation of a surface S, the Hawk- 
ing energy varies according to 



PE = 



A 1 ' 2 



(An) 3 / 2 
A 1 / 2 f 

pE = WW~ 2 is 



p'jaa + $oq) - p(rf + $n + 311) 
XX 

p(o'o' + $ 22 ) - p'ir'f' + $n + 3n) 
* = . 

XX 



(21a) 
(216) 



(ii) For a mean convex surface S, the dominant energy condition implies that E is non- 
decreasing in the outgoing null direction, PE > 0, is non-increasing in the ingoing null 
direction, P'E < 0, and so is non-decreasing in any outgoing spatial direction, and non- 
increasing in any ingoing spatial direction. 

Proof, (i) Set p\ s and p'\ s to constants in (20), and use the Gauss divergence theorem, 
f s *d'r = 0, (4.14.69). (ii) Use the signs p\ s < 0, p'\ s > 0, $ 00 > 0, $ n + 3n > and 
$ 22 > (18). 

Note that rescaling both p and p' to constants would be inconsistent with x = 1 in- 
general, since pp' /xx i s an invariant of the surface [14], which is why x h as not been fixed. 
A particular case of the formula (21) has been given by Eardley [15], but assuming x = 1, 
for which (21a) and (21b) cannot both be generally valid. 

V. Asymptotics 

In deriving the Bondi-Sachs energy loss as a limit of the Hawking energy loss, a complica- 
tion arises, because the standard description uses a normalised spin-basis, x = 1. In this 
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context one cannot choose a uniformly expanding foliation in general, and so one must use 
the general energy- variation formula (20) rather than (21), as follows. A way to use the 
monotonicity theorem directly is explained in the next section. 

Following the description of §9.8 of Penrose & Rindler [9], take a Bondi coordinate u 
labelling a foliation of 2-surfaces on J + , and extend it inwards to label null hyper surfaces. 
Choose an affine parameter r on each null generator which labels 2-surfaces such that 
*1 = *r 2 + 0(1), where * is the Hodge operator of the unit 2-sphere. Take a spin-basis 
adapted to the 2-surfaces, with D = d/dr and % = 1. For an electrovac space-time, 

IT = (22a) 
$ n = vwi (226) 

$22 = </?2<^2- (22c) 

Assuming asymptotic simplicity (9.6.11), the asymptotic expansions are given at the end 
of §9.8 of Penrose & Rindler. The following are relevant: 

(23a) 
(236) 
(23c) 
(23d) 
(23e) 
(23/) 
(23</) 

Then the area and Hawking energy behave as 

A = 4nr 2 + 0(1) (24a) 
£ = 0(1). (246) 

The Bondi-Sachs energy [1-2] may be defined as 

Eooiu) = lim E(u,r) (25) 

i — >oo 

cf. (9.9.59-61). 

Bondi-Sachs energy-loss theorem I. For an electrovac, asymptotically simple space-time, 
the Bondi-Sachs energy is non-increasing along a foliation of X + , the variation being given 
by 

P'E^ = J *(NN + FF) < 0. (26) 

Proof. Since P commutes with the limit, PE^ = lim^oo P'E. The result follows from the 
variation formula (20b) and the asymptotic expansions (23), using the Gauss divergence 
theorem. 



p = 


-r" 1 + 0(r" 


3 ) 


p' = 


\r~ x +0(r~ 


- 2 ) 


a' = 


Nr' 1 +0(r 


- 2 ) 


t' = 


0(r" 2 ) 




<Pi = 


:0(r" 2 ) 




¥2 = 


= Fr' 1 + 0(r 


- 2 ) 


K = 


\r~ 2 + 0{r 


" 3 ). 
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The complex function N is called the gravitational news function [1-2]. Similarly, F 
may be called the electromagnetic news function. Despite appearances, the news functions 
are quasi-local rather than local quantities, since their definition involves the quasi-local 
quantity r, as emphasised in §9.10 of Penrose & Rindler. Similarly, there are no purely 
local news functions for the Hawking energy, because the energy-variation formula (9) or 
(21) is not the integral of a local energy flux, but involves an overall factor in the area. In 
a rougher sense, equation (21) shows that the gravitational news for the Hawking energy 
depends on a, a', r and t', of which only a' survives at X + , yielding N. It is interesting 
to note from (4.12.32) the direct relation P*o~' = *\I>4 between the quasi-news a' and the 
gravitational radiation encoded in the Weyl spinor. 

This method of deriving the Bondi-Sachs energy-loss formula is somewhat more direct 
that that of Penrose & Rindler, due to the use of the Gauss-Bonnet theorem. Penrose & 
Rindler also give different definitions of both the Bondi-Sachs energy and the news function, 
which may be checked to be equivalent to E^ and N using the asymptotic expansions. 
The above definitions exhibit the relationship with the Hawking energy more clearly, and 
may therefore be regarded as more natural, at least in the context of quasi-localisation. 

VI. Bondi-Sachs energy loss as a limit of Hawking energy loss 

In this section, an alternative derivation of the Bondi-Sachs energy-loss formula is sketched, 
using the monotonicity theorem directly. For a particular foliation of X + by conformal 
spatial 2-surfaces, construct a double-null foliation in a neighbourhood. Define the area 
radius 

R = ^A/4n. (27) 
Then on purely geometrical grounds one has 

lim *R~ 2 = *1 

R^oo 

and liniR^oo R 2 1Z = — lirnR_ ) . 0O R 2 e?9 + 9- = 2, which may be strengthened to 

K = 2R~ 2 + 0(R~ 3 ) (29a) 

= 1 + 0(R- 1 ) (296) 

9+ = 2R- 1 + 0(R~ 2 ) (29c) 

9- = -R- 1 + 0(R- 2 ) (29d) 

where the rescaling freedom of the null normals has been used to fix R9± at T + . Then 
E = 0(1), so that the Bondi-Sachs energy (25) is well defined. Note that the cuts S of X + 
are mean convex in the obvious asymptotic sense, R 2 9 + 9-\ s < 0, and that the foliation 
of X + is uniformly expanding, since R9+\ s = 2 and R9-\ s = — 1 are constant. In this 
sense, uniformly expanding foliations of mean convex surfaces generalise cuts of X^. So 
the monotonicity theorem may be directly applied in this context, provided the factors of 
R cancel. 
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(28) 



Bondi-Sachs energy-loss theorem II. (i) Assuming the asymptotic expansions (29), and 
further that the limits 



lim R 2 ||(j_|| 2 = 8N 2 



(30a) 



R — >oo 



lim R 2 \hVf -u\ 2 = AB 2 



(306) 
(30c) 
(30d) 



R^oo 



R — >oo 



lim R 2 (p_ = $ 



R^oo 



lim R 2 p = P 



exist, the variation of the Bondi-Sachs energy is well defined and given by 




2 + s 2 ) + $ + ip 



(31) 



(ii) The dominant energy condition implies that the Bondi-Sachs energy is non-increasing, 

£-#oo < 0. 

Proof. Apply the monotonicity theorem in the limit as R — > oo, substituting the asymptotic 
expansions (28-30). 

Of course, it is preferable to derive the asymptotic expansions (30) from simpler 
assumptions. Using Penrose's definition of asymptotic simplicity, (9.6.11), stricter versions 
of the expansions (28-30) are found, and in particular, B and P vanish. Consequently the 
dominant energy condition can be weakened to the weak energy condition or the null 
energy condition in the Bondi-Sachs energy-loss theorem. The quantities B and P have 
been left undetermined in (30) to allow for the possibility that they may be non-zero under 
a different definition of asymptotic flatness, for example, involving logarithmic terms in 
the asymptotic expansions. 

VII. Conclusion 

A monotonicity property of the Hawking energy has been derived which reduces at confor- 
mal infinity to the Bondi-Sachs energy loss. In this sense, the Bondi-Sachs energy loss has 
been quasi-localised. One may interpret this as meaning that gravitational energy carries 
positive energy in a wider regime than conformal infinity itself, at least if the Hawking 
energy can be regarded as measuring gravitational energy. Since the assumptions of the 
monotonicity theorem hold in a neighbourhood of X + , one may now measure gravitational 
energy at a finite rather than infinite distance, and be assured that it increases outwards 
and decreases inwards. Also, the assumption of asymptotic flatness is now superfluous, 
and the theorem may be used wherever mean convex surfaces can be found, for instance, 
in a cosmological context or near a black hole. 

The monotonicity theorem carries more information than the asymptotic version in 
another sense: the energy- variation formula (9) or (21) involves two terms, of which one 
vanishes and one survives asymptotically, but both of which have the same definite sign. 
One of these signs might have been predicted from the conformal formula, but the other 
is unexpected, and could be taken to support the physical significance of the result. 
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Unfortunately, such interpretations are questionable since the Hawking energy is non- 
zero for generic surfaces in flat space-time. Thus one could find a mean convex surface in 
flat space-time and calculate a positive flux of entirely fictitious gravitational radiation. 
The Hawking energy can be corrected by adding a term making it zero for any surface 
in flat space-time [7], but the corresponding energy variation then contains extra terms 
which do not have a fixed sign.| One might interpret this as meaning that gravitational 
radiation does not carry positive energy in general, or does not make sense in general. 

More conservatively, one might conclude that the monotonicity and positivity theo- 
rems are physically relevant only in situations where the Hawking energy is a reasonable 
guide to gravitational energy, for instance, for a surface close to spherical symmetry. In- 
deed, one might rescue the Hawking energy from its indefiniteness in flat space-time by 
demanding that it be used only for surfaces connectable by a uniformly expanding foliation 
to either a point or a marginal surface, or perhaps a suitably good cut [9] of X. This sug- 
gests a concept of gravitational energy which is not purely quasi-local, but which requires 
a reference surface or point to provide a zero. Although this is less generally applicable 
and conceptually less simple than purely quasi-local energy, it does give excellent results 
for the Hawking energy. 

Finally, the potential usefulness of mean convex surfaces should be emphasised. As has 
been remarked, they are a type of converse of trapped surfaces, characterising less exotic 
regions of space-time. The positivity theorem uses mean convex surfaces to establish 
that the Hawking energy satisfies the Penrose-Gibbons isoperimetric inequality along a 
uniformly expanding foliation generated from a marginal surface. If such a foliation can be 
extended to X + , then since the Hawking energy reduces to the Bondi-Sachs energy at X + , 
this would establish the isoperimetric inequality for the Bondi-Sachs energy, and therefore 
also for the Arnowitt-Deser-Misner energy. This would be a stronger property than mere 
positivity of the various energies, and is regarded as a necessary condition for the cosmic 
censorship hypothesis to hold [11-13]. A proof would follow from the convexity conjecture 
of Section II, or something similar. The conjectured inequalities are certainly true in 
spherical symmetry [17], where the convexity conjecture holds. On the other hand, the 
inequality which has been derived is stronger than the conjectured versions in a different 
sense, namely that it holds in general — not necessarily asymptotically flat — space-times. 
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| The small-sphere behaviour of this Hamiltonian energy has recently been calculated 
by Bergqvist [16], confirming the lack of monotonicity in vacuum. This energy and the 
Hawking energy, and a 2-parameter family including both, are the only suggested quasi- 
local energies which are well defined for any embedded spatial 2-surface. 
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